A numerical analysis of pulsatile flow in a wavy channel with periodically converging-diverging cross sections was performed by the finite element method. The present treatment was limited to the Stokes flow regime, and the effects of Womersleynumber and amplitude coefficient of flow rate oscillation on the flow behavior and wall vorticity were studied.
Introduction
Bellhouse et al}] have developed a high-efficiency membraneoxygenator in which blood is separated from oxygen by a microporous membrane and streams in pulsatile flow state through a wavychannel constructed by the membrane.
The enhancement of oxygen transfer is attributed to convective mixing, induced both by using the wavy mass transfer surface as a passive means and by oscillating the blood flow itself as an active means.*1
To elucidate quantitatively the mechanism of this mass transfer enhancement, Nishimura et al?A) previously investigated steady fluid flow and mass transfer in a wavychannel which had a geometry similar to the membrane oxygenator of Bellhouse et al They found that no significant enhancement was recognized except for the turbulent flow regime, as compared with the corresponding straight channel. Membrane oxygenators are frequently used under laminar flow conditions to avoid blood trauma. So, it is necessary to extend the previous investigations to the pulsatile flow case, to understand the mechanism of mass transfer enhancement in the laminar flow regime for unsteady flow. To begin, we performed a ** For mass transfer enhancement,passive meansrequire no direct application of external power, while active means require external power.
Received July 25, 1985 . Correspondence concerning this article should be addressed to T. Nishimura. 104 flow analysis of the pulsatile flow using the Galerkin finite element method. A similar study of oscillatory flow with zero mean flow rate has been carried out by Sobey.6) He presented periodic changes in the streamlines and suggested that a circulation vortex formation/ejection induced by the oscillatory flow was responsible for the enhanced mass transfer of the membraneoxygenator of Bellhouse et al. However, this explanation was qualitative only. The purpose of this study is to investigate the dynamic response of the wall shear stress to the flow rate, which is important both for predicting the mass transfer rate of systems with high Schmidt numbers*2 and for understanding the basic structure of the solution of the Navier-Stokes equations for unsteady flow. The present treatment is limited to the Stokes flow regime,*3 because the flow in wavychannels has a complex structure for unsteady flow, i.e., spatial and temporal variations. This solution is regarded as a necessary initial step in a more realistic analysis involving moderate Reynolds numbers with inertial effects.
*2 For oxygen transport in blood, the Schmidt number is about 4000.7) *3 It seems that Stokes flow is realized at Reynolds numbers considerably smaller than 1.
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Governing equation and boundary condition
Weconsider a two-dimensional channel with symmetrical sinusoidal wavy walls as shown in Fig. 1 . This channel has a geometry similar to that of the Bellhouse membraneoxygenator. The fluid flow is periodically developed and the flow rate varies with time in a sinusoidal form as shown in Fig. 2 .
Governing equations for this problem are given as follows.
Vorticity
transport equation:
Relation between vorticity and stream function:
Weput Eqs. (1) and (2) into dimensionless forms by the following expressions:
Weobtain these equations:
where A* (=Hmax^/co/v) is the Womersley number. Boundary conditions are given as follows. at inlet cross section:
à"A=»Ain , (=Cin (5) at outlet cross section:
at wall of the channel:
as symmetrical boundary: by arbitrary values, and the stream function and vorticity distributions in the analytical domain are calculated.
The calculated values of x// and C at the mid-cross section of the channel (see Fig. 3 ) are transferred as new boundary conditions to the inlet and outlet boundaries, and again the computation is performed. These steps are repeated until convergence is reached among the values of all variables in the inlet, outlet and mid-cross sections. The values of ( at the wall are given as functions of the stream function \j/ as follows: (14) where (xo,yo) is an arbitrary point at the wall and {xuy^is an interior point at a distance AI perpendicular to the wall.
Weconsider the characteristic function describing the wall shear stress variation in time. The variation of flow rate is expressed as e=e(i +psin(#))
where P is the amplitude coefficient of flow rate oscillation.
The wall vorticity corresponding to the wall shear stress has a linear response to the flow rate because the governing equations are linear. Thus the wall vorticity variation is expressed as Cw=fw(l +*Psin(0+tfO)
where <P is the amplitude ratio and <fi is the phase difference referred to the flow rate oscillation.
A comparison between numerical and exact solutions for parallel flat channels is performed to validate the procedure of computation. The analytical domain is divided into 64 elements and a microcomputer is used for the calculation.
Starting from the steady flow state condition, the pulsatile flow is computed until the calculated values become unchanged in a time-cycle since a fully developed periodic flow is considered in this study. for three Womersley numbers.*4 The flow deceleration phase (t/T=0.25-0.875) during which the flow patterns remarkably changes is considered in particular.
For any case, streamlines are symmetrical with respect to the maximum cross section of the channel *4 For various choices of A0, A6=tt/4000, tt/1000 and n/200 were used for A* =5, 10 and 30, respectively. The solution was the same, even when A6 was slightly different. because the inertial effects are neglected in the governing equations. At v4*=5, the flow has no separation (no vortex), and thus the flow is close to quasi-steady. As the Womersley number increases, flow separation appears. Namely, when v4*= 10, twin vortices are formed near the maximumcross section at t/T-0.5125. Those vortices merge into one, and it grows up to t/T=0.65. After that, the vortex begins to diminish, and again splits into twin vortices which finally vanish on the wall. In the case ofA*=30, the VOL 19 NO. 2 1986 process of vortex development is similar to that at A*=10, but the process of vortex decay is different.
That is, a part of the vortex is constricted near the wall at £/7=0.85, and then it is ejected from the wall into the main stream at t/T=0.815.
If the extent of the reverse flow region is plotted against time to study these phenomena in further detail, an envelope is obtained. Figure 7 shows the envelope, indicating the region of the channel wall that is covered with the reverse flow. At A*=10, the acceleration phase, it is considered that the vortex is pulled off from the wall by the local flow acceleration occurring near the wall. In fact, as will be described below, the wall vorticity has a phase advance relative to the flow rate. Figure 8 shows the distributions of wall vorticity corresponding to wall shear stress at A*=30 and P=0.5. The case of steady flow is also indicated by the dotted line. The wall vorticity profile at any time has a symmetrical concave shape about the maximum cross section (x/1=0.5) and is similar to that for steady flow. Although the flow rate at t/T=0.0 or 0.5 108 is equal to that for steady flow, the value of wall vorticity is remarkably different, indicating that the flow of this case cannot be regraded as quasi-steady. Figure 9 shows the variation of wall vorticity with time at the minimum and maximum cross sections (x//i=0.0 and 0.5). The wall vorticity varies in a sinusoidal form with time. The vorticity amplitude at x/A=0.0 is larger than that at x/A=0.5. The vorticity also has a phase advance relative to the flow rate, and the phase advance at x/A=0.5 is larger than that at x/A=0.0. These results indicate that the dynamic response of the wall vorticity to the flow rate varies along the wavy wall, in contrast to the case of the parallel flat channel mentioned above. region. This is easily understood from Eq. (16). Since <fw has a positive value for Stokes flow, (w becomes negative if the condition of (P > \/P is satisfied. In the case of A*=5,the amplitude ratio at the minimum cross section (x//l=0.0) has a minimumvalue. As the cross section extends from the minimumto the maximum (x/A-^0.5), the amplitude ratio increases sharply and reaches a maximumvalue near the maximum cross section but slightly upstream from this section.
The phase difference has a behavior similar to that of the amplitude ratio, and its maximumvalue is located at the same position as that of the amplitude ratio.
With an increase in Wormesley number, both amplitude ratio and phase difference tend to increase further. At A* =30, the value of the amplitude ratio goes on increasing but its profile hardly differs from those at A*=5 and 10. On the other hand, the phase difference reaches the limiting value (4> = n/4) and its profile becomes flat as compared with the case at A*=5 and 10.
Thus the dynamic response of wall vorticity to the Womersley number for the wavy channel is qualitatively similar to that for the parallel flat channel as shown in Fig. 5 . It is also interesting to note that the location of maximumamplitude ratio and phase lag corresponds to that of vortex occurrence. flow rate oscillation as well as the Womersley number. For these cases, the amplitude ratio and phase difference of the wall vorticity is shown in Fig. 12 . The dynamic response is independent of the amplitude coefficient offlow rate oscillation, because the governing equations are linear.
Expectation of mass transfer enhancement
Somediscussion will be added in connection with the mass transfer enhancementof the wavychannel for pulsatile flow on the basis of the flow results. For steady flow, no significant enhancement of the wavy channel was recognized as compared with the corresponding straight channel.4) The reason is that the mass transfer rate is muchsmaller near the maximum cross section than near the minimum cross section owing to the formation of a steady circulation vortex, indicating flow stagnation.
On the other hand, since the flow behavior varies with time for pulsatile flow,, no flow stagnant region exists. The flow analysis in a wavychannel for pulsatile flow was performed by the finite element method. The present treatment is limited to the Stokes flow regime.
The results are as follows.
1) As the Womersley number increases, the flow characteristics depart from the quasi-steady state. A circulation vortex occurs during the deceleration phase, and its behavior is dependent on both the Womersley number and the amplitude coefficient of flow rate oscillation.
2) The dynamic response of the wall vorticity to the flow rate is dependent on the Womersley number but is independent of the amplitude coefficient of flow rate oscillation. The amplitude ratio and phase difference vary sharply along the wavy wall, and these minimumand maximumvalues appear at the minimumcross section and near the maximum cross section, respectively. Acknowledgment This work was supported in part by a Grant-in-Aid for Scientific Research (No. 58470092) from the Ministry of Education, Science and Culture of Japan. 
